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ABSTRACT: A new model is presented for entangled polymer solutions which accounts for the observed 
molecular weight and concentration dependences of the zero-shear viscosity qo and the terminal relaxation 
time Td. Our development, based upon the coupling model of relaxation, quantitatively describes how relaxation 
of a primitive mode is modified by coupling through entanglements to its environment. The primitive mode 
is represented by a Rouse chain of Gaussian submolecules, each of root mean square length u equal to the 
entanglement distance and each characterized by an entanglement friction coefficient fo. By extending the 
analyses developed previously for polymer melts, the model predicts that qo 0: f * ~ l ( 1 - n ) ~ y [ ~ a ( 1 - v ) ] 2 / ( 1 - n )  where 
4 is the polymer volume fraction. Here n is the coupling parameter describing the terminal relaxation and 
y, a,  and u are given by GNo 0: @ y ,  Me 0: 4P,  and u a 4-”m. Numerical examples are shown to agree with 
experiment; e.g., for n = 0.41, y = 2, a = 1, u = 0.6, qo a f*k@.4434. Comparison of the present results is also 
made to the reptation and scaling theory predictions. 

I. Introduction 
An understanding of the dynamics of the polymer chain 

in entangled systems includes not only a description of how 
the viscoelastic behavior in the terminal zone depends 
upon molecular weight but also how it depends upon the 
polymer concentration in entangled solutions. From ex- 
perimental data, the picture which emerge~l -~  for the en- 
tangled polymer system is that  the viscosity can be fac- 
tored into a temperature- and concentration-dependent 
friction factor ((T,@) and a molecular weight dependent 
structural (topology) factor g(M,d).  The structure factor 
follows a power law dependence in both molecular weight, 
M ,  and concentration (volume fraction, 41, Le., 

‘10 = {(‘(T,4)g(M,4) !3T,4)MX@ (1) 

The exponents x and y are generally reported to be ap- 
proximately the same and have values between 3.4 and 3.7. 
The temperature and concentration dependencies of the 
friction factor are often considered’ to be due to free 
volume changes and data are normally represented in an 
“isorelative (or fractional) free volume” state. This allows 
the dependence of {on {(T,d)  = ((T - T,) to be separated 
from the topological effects due to M and 4. While x and 
y appear to be approximately the same for small molecule 

+Supported in part under ONR Contract No. N0001487WX24039. 

solvents ( x  = 3.4, y = 3.4), there have been recent reports6 
which indicate that in certain systems, for which the 
solvent molecular weight is near the polymer entanglement 
molecular weight, y z 3.0. 

Furthermore, the plateau modulus, GNO, of the polymer 
system, while being independent of the molecular weight, 
is reported as scaling with the concentration as 

G N o  4 7  ( 2 )  

where y is reported to be approximately7-10 2.0-2.3. On 
the other hand, the terminal relaxation time, T d ,  is re- 
portedgJ1 to scale as 

Td {(T,#’)MX@z (3) 
where x is approximately 3.4-3.7, and now the value of z 
is approximately 1.4. 

In this paper we present a new model for entangled 
polymer systems which accounts for the observed molec- 
ular weight and concentration dependences of qo and Td 

in entangled polymer systems. Our development is based 
upon a recently developed coupling model of relaxation.12J3 
The model describes how relaxation of a primitive mode 
is modified by coupling to its environment. In the ap- 
plication to entangled polymer systems, the primitive mode 
is approximately represented by a Rouse chain. The Rouse 
chain is coupled to its environment through entanglements. 
The coupling model allows such effects to be incorporated 

This  article not subject t o  U S .  Copyright. Published 1987 by t h e  American Chemical Society 
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quantitatively. By extending the analyses developed 
p r e v i o u ~ l y ~ ~ - ~ ~  for polymer melts, the model predicts that 

?lo = f*M3.4@, y = 3.4-3.7 (4) 

~d 0: f*Mj .4@,  z = 1.4-1.7 (5) 

where f* is an entanglement friction factor. This is in 
reasonable agreement with observed behavior. The par- 
ticular value of y or z depends on the values of the expo- 
nents y, CY, and u (see eq 18-20). 

The model is developed in the following sections. We 
also compare our results with the various predictions made 
by the reptation and scaling theories for the molecular 
weight and concentration dependences of to and 7d .  An 
expression for the concentration dependence of the self- 
diffusion coefficient has not yet been developed within the 
context of the coupling model. For completeness, however, 
the melt prediction developed previously and the appro- 
priate reptation and scaling theory predictions for the 
self-diffusion coefficient will also be presented. 

11. The Coupling Model 
a. General Considerations. The coupling mode112J3J5 

addresses the problem of how the relaxation of a single 
"primitive" relaxation mode is modified by coupling to its 
complex surroundings. It predicts that  the cooperative 
effects due to such coupling can be incorporated quanti- 
tatively by the use of a relaxation rate that  is explicitly 
time dependent. The coupling model has previously been 
reviewed and discussed in applications to several problems 
of polymer physics.13-21 In this section we merely state the 
physical concepts involved and the predictions which 
follow. Then we summarize our previous applications to 
polymer melts. In the next section we extend the model 
and apply it to entangled solutions. 

The coupling of the primitive relaxation mechanism to 
its environment slows down the primitive relaxation rate 
W, at  times longer than a characteristic time t ,  1 w;l and 
causes the relaxation rate to become time dependent. The 
effective relaxation rate W(t)  is Wo for wct < 1 and W,- 
(wet)-" for act > 1, where n (satisfying the condition 0 5 
n < 11, is a measure of the degree of slowing down. The 
relaxation function c ( t )  then obeys the rate equation 

dc/dt = -W( t ) c  (6) 

where 

W ( t )  = w, w c t  < 1 
= Wo(w,t)-" wct > 1 ( 7 )  

Solution of eq 6 and 7 leads to three predictions for the 
normalized relaxation function $(t)  c ( t ) /c (O)  that are 
interrelated. They are 

$(t)  = exp(-t/.ro) w c t  < 1 (8) 

$( t )  = exp(-t/T*)l-n w c t  > 1 (9) 

(10) 

where T ,  = W,-l and Gc is related to wc by factors of order 
unity. Equation 9 is a special form of the well-known 
fractional exponential or Kohlrausch decay law.13 The 
physical significance of T* (the apparent relaxation time) 
is discussed subsequently. 

We have been able to derive the time-dependent rate 
equation ( 7 )  in several different ways.12J3r22 Only for very 
special simple systems does the rate have a constant value 
W, for all times. More typically, we find that the rate is 

and 

T* = [ ( I  - n)~~n7,]1/(l-n) 

modified by the explicitly time-dependent factor (wet)-" 
at times longer than wc1. This is consistent with the results 
of general derivations of rate equations from the equations 
of motion discussed in the classic relaxation papers of van 
Hove, Prigogine, Zwanzig, and others.23 It is known that 
relaxation rates are generally time dependent. However, 
explicit evaluations of W(t)  have been carried out by 
previous workers only for special simple systems where 
W(t)  reduces to a constant Wo for all time. The implica- 
tions of using a time-dependent rate and the specific form 
which W ( t )  takes for systems of interest had not been 
previously investigated. 

In the past decade, it has become widely known that 
Hamiltonian systems typically have very rich dynamics, 
and they exhibit chaotic behavior and other signatures of 
c o m p l e ~ i t y . ~ ~ ? ~ ~  This was not widely appreciated when the 
relaxation papers of van Hove, Prigogine, and others were 
written. Such phenomena will modify the dynamics of 
relaxation, and these effects were incorporated into the 
coupling model calculations. For a large class of systems, 
an explicitly time-dependent rate of the specific form of 
eq 7 was f o ~ n d . ' ~ J ~ , ~ ~  This slowed-down time-dependent 
rate reflects the effects of cooperativity present in the 
system. The form of eq 7 is insensitive to  many of the 
details of the system, but the specific values and properties 
of the parameters n, wc, and T~ are system dependent. For 
polymers we have found w, 109-1010 s-l typically.20 The 
dynamical mechanism giving rise to eq 7 is quite general, 
and we have found that it is also present in realistic glasses 
and polymers. The predictions given by eq 8-10 follow 
as a direct consequence of the time-dependent rate 
equation (7). At present, the use of the time-dependent 
rate equation (7) is the only way known to obtain eq 8-10. 
We have previously demonstrated that eq 8-10 are quan- 
titatively obeyed by experimental data on small molecule 
glasses, entangled polymer chains in the melt, and many 
other physical systems where cooperativity affects the 
dynamics. 13315 

The parameters n, wc, and T~ appear in several different 
places in eq 8-10, and the properties of these equations 
thus become interrelated. This immediately implies sev- 
eral rather striking correlations for the experimental data. 
For instance, n appears in both eq 9 and 10. In eq 9, n 
governs the time dependence of the decay of the relaxation 
function or, equivalently, the shape of the frequency-de- 
pendent loss curve. In eq 10, n modifies the primitive T,, 

which becomes the effective relaxation time 7*. Therefore, 
eq 9 and 10 imply a correlation between the shape of the 
relaxation spectrum and the relationship between the 
primitive relaxation time 70 and the effective (measured) 
one, T*. We have previously demonstrated that these 
equations quantitatively describe a great deal of experi- 
mental data.12-20 

b. Entangled Polymer Melts. Of particular relevance 
to this paper, the coupling model has been found to suc- 
cessfully describe the viscoelastic behavior of polymer 
melts in the terminal zone. By assuming that the polymer 
chain is a primitive Rouse chain which is "coupled" to its 
environment (presumably through entanglements) the 
model successfully predicts14J5 the molecular weight de- 
pendence of the zero-shear viscosity (7, 0: M.4) and relates 
i t  to the product of the plateau modulus and the steady- 
state recoverable compliance (GNoJeo = 2.5). In addition, 
the model accounts for the observed differences in acti- 
vation energies for self-diffusion and zero-shear viscosity 
of Arrhenius melts in a natural way.17 In what follows, we 
summarize the equations of the coupling model as applied 
to polymer melts. Polymer solutions require a more precise 
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the Rouse submolecule length and friction factor must be 
carefully examined. 

111. Coupling Model Analysis of Entangled 
Solutions 

For the polymer melt, the primitive mode relevant to 
the coupling model was given by the Rouse description of 
the chain. However, bead-spring models such as that of 
Rouse are useful precisely because they circumvent the 
complications associated with describing the local motions 
of the chains. The large-scale chain motions are largely 
independent of such local details, and thus the flexible 
polymer molecule can be represented as a chain of N 
Gaussian submolecules, each of root-mean square length 
u and comprised of q monomer units. Each submolecule 
is characterized by a friction coefficient fo associated with 
the bead which has been related to the monomeric friction 
coefficient lo by f o  = qlo. The quantities q,  u, and N are 
arbitrary as long as q is large enough for the Gaussian 
approximation to be valid for the subchains and N is large 
enough for the frictional sites to be distributed uniformly 
over the chain contour. The Rouse relaxation times are 
often written in terms of monomeric unitsll as in eq 11 
since u2Wf0 = a2(M/Mo)2{o. 

However, when the Rouse bead-spring model is used as 
the primitive mode in the coupling model, careful attention 
must be paid to the meaning of these quantities due to the 
coupling of the primitive mode with its surroundings. In 
particular, for entangled polymer melts and solutions, the 
coupling of each chain is through the entanglement points, 
and these are separated on the average by a root mean 
square entanglement distance I,. Thus the coupling in- 
troduces a new length scale into the problem, and it is 
natural to identify the root mean square length u of the 
primitive Rouse submolecules with 1,. The choice u = 1, 
is dictated by the physical interpretation of the coupling 
model in which a Rouse chain couples to its surroundings 
by entanglements. The quantity q is then the average 
number of monomers between entanglement points per 
chain, and N is the average number of entanglement 
points. The friction coefficient fo is therefore the resistance 
encountered by each submolecule junction (bead). We, 
therefore, write specifically the Rouse relaxation times in 
terms of these parameters as 

discussion of the Gaussian submolecules which appear in 
the primitive Rouse mode, and this is described in the 
following section. 

In the case of melts, eq 9 and 10 are found to be relevant 
in the entanglement regime. The Rouse of re- 
laxation of each chain before consideration of coupling 
have primitive relaxation times rOi given by the familiar 
expression 

where i = 1, 2, ... 
The relaxation mechanism given by eq 11 is now acted 

upon by the entanglement coupling and each primitive 7oi 

is shifted to its effective T * ~  as described by eq 10. M is 
the molecular weight, Mo is the monomer molecular weight, 
a is the characteristic length of the subunit, and r0 is the 
monomeric friction coefficient a t  the appropriate distance 
from the glass temperature. In the development for en- 
tangled solutions in the next section we propose that the 
appropriate friction factor for entangled systems is not the 
monomeric friction coefficient but an entanglement friction 
coefficient to be described subsequently. This distinction 
is not important for the molecular weight and temperature 
dependences of melts. 

In the terminal zone, the dominant contribution to the 
viscoelastic behavior comes from the terminal Rouse mode, 
701. Then the effective relaxation time for polymer melts 
is from eq 10 and 11 

where jlr (ol/(l-n), and we have ignored constant prefac- 
tors. 

The coupling model predicts from eq 9 that the con- 
tribution of the terminal Rouse time to the relaxation 
modulus G ( t )  is 

G ( t )  = GNo exp[-( t /~*J] ' -~ (13) 

where GNo is the plateau modulus. The zero-shear viscosity 
is given as 

70 = L m d t  G ( t )  = G N o ~ * l r (  L)/(l 1 - n  - n) (14) 

where r denotes the r function. It has been previously 
shown14J5 that the terminal relaxation of monodisperse 
linear entangled melts is well described by eq 13 for n in 
the range 0.4-0.45. For n = 0.41, eq 12 and 14 give im- 
mediately qo a hP/(l-n) = i P 4 .  In addition, the activation 
energy E*, of Arrhenius melts, jlr 0: exp(E*,/RT), was 
shown16 to be quantitatively related to the activation en- 
ergy E,  of rotational isomerism barriers, C0 0: exp(E,/RT), 
using the same value of n. From jlr a {ol/(l-n), it follows 
that E*, = EJ(1- n),  and this relation has been verified. 
The model also successfully accounts17 in a natural way 
not only for the Md2 dependence of the self-diffusion 
coefficient but also for observed differences in activation 
energies between the self-diffusion coefficients and zero- 
shear viscosities of Arrhenius melts by allowing the cou- 
pling of the chain to its environment in diffusion to be 
different than for flow. 

For the case of entangled solutions, the problem is more 
subtle. The dependence on concentration comes from 
several different sources. This requires a more precise 
description of the primitive Rouse mode than was neces- 
sary for the melts. In particular, the physical meaning of 

where i = 1, 2, ... and Me = M / N  is the average molecular 
weight between entanglements. 

For polymer melts no distinction can be made using eq 
11 or eq 15 for the primitive relaxation time. However, 
the development of eq 15 is important and has physical 
consequences for our understanding of the concentration 
dependences of the properties of entangled solutions which 
result upon using eq 15 as the primitive relaxation mode 
in the coupling model. The reason is that the experimental 
data are generally described as the product of a friction 
factor {(T,$) and a structure factor g(M,4) as in eq 1. As 
mentioned in section I, this form is obtained by a standard 
operation in which the free volume (temperature and 
concentration) dependence of { is separated from the to- 
pological dependences on M and $. For the response of 
low molecular weight polymers and for local motions in 
higher molecular weight polymers, it is often assumed that 
{ in eq 1 can be identified with {o, the monomeric friction 
coefficient. However, for large-scale motions of high mo- 
lecular weight polymers, there is no basis for this as- 
sumption. The coupling model, on the other hand, pro- 
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vides a guide for the identification of { in eq 1. From eq 
10 and 15, the coupling model predicts that the effective 
relaxation time for entangled polymers in the terminal zone 
is 

2 / 0 4  

7*1 a f*( 50) 

where f* = fO1/(l-n) is the effective entanglement friction 
coefficient and again we have ignored constant prefactors. 
And the corresponding zero-shear viscosity is 

The use of the coupling model makes possible the 
identification of f i n  eq 1 with the effective entanglement 
friction factor f*. As we will now see, eq 17 correctly 
predicts the concentration dependences of the structural 
factor g(M,4)  in the viscosity given the concentration de- 
pendences of Me, u, and GNO. 

In eq 17 there are several terms which depend upon 
concentration, 4. In addition to the free volume effect on 
the friction coefficient f*, there are also concentration 
dependences due to  topological changes in the plateau 
modulus GNo, the molecular weight between entanglements 
Me, and the root mean square distance between entan- 
glements u. The concentration dependence of each of these 
parameters is not given by the coupling model. Rather, 
these dependences can be obtained from experiment or 
from models of the topology of the entangled solution 
which are already available in the literature. The results 
are generally expressed as power law relati~ns:~-'l  

Me a (18) 

t~ a +-"e (19) 

Here we briefly outline some arguments commonly used 
for the values of the exponents in expressions 18-20. 

First we recall that the plateau modulus can be related 
to the entanglement density through classical rubber 
elasticity theory by1' 

GNO a $/Me (21) 
which implies that y = 1 + CY in eq 2. From topological 
arguments that the entanglement density is related to the 
density of binary contacts7 between chains, it has been 
argued that Me should vary as the inverse of concentration, 
d-l, thus leading to the result that a = 1 and correspond- 
ingly y = 2. This is essentially a mean field argument. 
Since u is the root mean square distance between entan- 
glements, it should vary as the entanglement molecular 
weight to a power, v, which depends upon the chain con- 
figuration. From classical arguments v = 0.5 in 8-solvent 
conditions and from a variety of theoretical arguments v 
= 0.6 in so-called good solvent conditions where excluded 
volume effects are imp~r t an t .~ '  In particular, the mean 
field analysis of FloryZs predicts v = 3 / ( d  + 2) where d is 
the spatial dimension. For d = 3, this yields v = 0.6 for 
the excluded-volume exponent. Values close to this are 
also found from numerical studies. Refinements of mean 
field theory have suggested the relation y = vd/(vd - 1) 
for good solvents in the semidilute r e g i ~ n . ~ ~ , ~ ~  For d = 3 
and v = 0.6, this predicts y = 2.25 and correspondingly a 
= y - 1 = 1.25. However, experimental results suggest a 
value of y in the range 2.0 < y C 2.3 independent of solvent 
quality,s in contradiction to such a relation between y and 
v. 

a . b =  1.000 
1 . 0  

c3 

0 5  

b . @ =  0.432 
c . 4  = 0 . 2 2 2  

1 
n n  

-3 -2 - 1  0 1 2 3 
v u  

log o/wmax 
Figure 1. Reduced loss moduli data for polybutadiene solutions 
for the indicated volume fractions C$ at 25 "C.  The terminal 
dispersion is unaffected by .$I and is well f i t  on the basis of a 
fractional exponential, eq 13, with n = 0.41 (solid curve). Data 
replotted from ref 8. 

Instead of adopting one of these theoretical approaches 
for the values of y, CY, and v, we will examine the coupling 
model for a range of values of these exponents which is 
within the experimentally observed limits. With these 
values of the exponents in expressions 18-20, the coupling 
model can be used to determine the concentration de- 
pendences of the terminal relaxation time and the zero- 
shear viscosities of entangled polymer solutions. From 
expressions 16, 18, and 19: 

a f * ~ / ( l - n ) [ 4 o ( l - w ) ] Z / ( 1 - n )  (22) 

170 f*~/(l-n)4r[4c41-4 1 Zi(1-n) (23) 

These are the coupling model predictions for the molecular 
weight and concentration dependences of entangled solu- 
tions. Note that it has the same factorized form as eq 1. 
The exponent 2 / (1-  n) describes the effects of coopera- 
tivity of the coupled chains. The cooperativity simulta- 
neously modifies the molecular weight dependence and 
part of the concentration dependence of the primitive 
Rouse mode. 

Since we know the approximate values of CY, v, and y, 
eq 22 and 23 can be tested if the value of n can be de- 
termined. As discussed earlier for polymer melts, n. can 
be independently determined by fitting the Kohlrausch 
decay law, eq 13, to the terminal dispersion of entangled 
solutions. This is illustrated in Figure 1 where we have 
replotted data from Raju et aL8 of monodisperse poly- 
butadiene solutions at  different concentrations. As can 
be seen, the shape of the terminal dispersion (low fre- 
quency) is unaffected by 4 and the value of n is similar 
to that for the undiluted case, Le., n zi 0.4-0.43. For n = 
0.41 we evaluate eq 22 and 23 for a range of exponent 
values. 

and from expressions 17 and 18-20: 

For good solvent conditions, v = 0.6, 

~ * 1  a f*M3.44'.4 a = 1, y = 2.0 (24a) 

qo a f*M3.443.4 (24b) 

T * ~  a f*M3.441.6 CY = 1.2, y = 2.2 (24c) 

70 f*M3.443.8 ( 2 4 a  
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,8 = 0,  we evaluate the reptation results for qo and Td. 

For good solvent conditions, v = 0.6, 

Td 0: CY = 1, y = 2.0 (324 

v0 a M3+3.2 (32b) 

Td a M34"4 = 1.2, = 2.2 ( 3 2 ~ )  

v0 a M343.6 (32d) 

Td 0: M3@." a = 1, y = 2.0 (334 

qo 0: M343.0 (33b) 

Td a M3+'.2 CY = 1.2, y = 2.2 (33c) 

io a M343.4 ( 3 3 4  
It is well-known that the molecular weight dependence 

of Td and qo predicted by the Doi-Edwards model is in- 
c ~ r r e c t . ~  The predicted concentration dependences are 
closer to the experimental values than the molecular weight 
dependence. The concentration dependence would change 
somewhat if /3 were nonzero, although there is presently 
no independent information concerning the value of p. 
There have also been several different recent proposals to 
modify the Doi-Edwards model to correct its deficiencies. 
Additional mechanisms such as tube leakage and con- 
straint release have been introduced in addition to the 
reptation m e c h a n i ~ m . ~ , ~ ~  The effects of these modifications 
on the concentration dependences of Td and qo are not 
treated here. 

The use of scaling laws have been discussed most often 
for the self-diffusion coefficient. However, de Gennes has 
also applied scaling directly to the viscosity.34 The scaling 
approach makes the hypothesis that the structure factor 
g in eq 1 scales with concentration as where 4* is 
the critical concentration required to produce molecular 
overlap and interpenetration. Then 

For @-solvent conditions, v = 0.5, 

170 a ($/@*IX (34) 

where the exponent is to be determined. The overlap 
concentration $I* depends on molecular weight as 

$* M/RF3 a M1-3u (35) 
where the radius RF of an isolated coil in the presence of 
excluded volume effects is described by RF a M". Using 
eq 34 in eq 35, we find 

170 Mx(3u-l) 4 x (36) 

a MP$,P/(3u-l) (37) 

or with p = x(3v -1 )  

Therefore the exponent for the concentration dependence 
can be predicted given the exponent p for the molecular 
weight dependence and the exponent v. The scaling ar- 
guments make no discussion of the friction coefficient and 
make predictions only about the topological effects. From 
experimental data, p = 3.4. Then we find from eq 37 

qo 0: w.446.8, v = 0.5 (38) 

qo a i@444.25, v = 0.6 (39) 

for a 0 solvent and 

for a good solvent. 
These results for the concentration dependence of qo are 

in very poor agreement with experimental data. Therefore 
the scaling hypothesis fails when applied to the zero-shear 

For 8-solvent conditions, v = 0.5, 
T * ~  a f*M3.441.7 a = 1, y = 2.0 (25a) 

qo a f*M3.443.7 (25b) 
T * ~  0: f*M3.442.@ CY = 1.2, y = 2.2 (25c) 

170 a f*w.444.2 (25d) 
These results are within reasonable agreement with what 
is observed experiment all^.*-^ An interesting point to note 
from these results is that  much of the concentration de- 
pendence of the viscosity comes from the large dependence 
of the plateau modulus on concentration, and the change 
with concentration of the terminal relaxation time con- 
tributes much less. Thus, the model shows that the gen- 
erally accepted procedure of writing the viscosity as a 
product of concentration and molecular weight to the same 
exponent, qo 0: (M@)#, works only because the exponents 
x and y in eq 1 happen to be approximately equal. 

IV. Comparison with Reptation and Scaling 
Predictions 

It is useful to compare the coupling model predictions 
and results, eq 22-25, with the results from other ap- 
proaches. We will discuss both the predictions of the 
Doi-Edwards m ~ d e P l - ~ ~  based on the reptation mechanism 
of de Gennes and the predictions of de Gennes based on 
scaling  concept^.^^^^^^^^ It will be important to emphasize 
that the scaling approach is separate and unrelated to the 
Doi-Edwards model, although this has been frequently 
confused in the literature. Both the reptation and scaling 
approaches make predictions only about the topological 
effects and, unlike the coupling model, neither discuss the 
friction coefficient. We will emphasize the predictions for 
the molecular weight and concentration dependences of 
the viscosity and terminal time, but for completeness we 
will also present results for the self-diffusion coefficient. 

The general coupling model predictions, eq 16 and 17, 
had contributions to the concentration dependences from 
f*, Me, GN", and u. Similarly, the expressions obtained by 
Doi and Edwards contain a number of concentration-de- 
pendent quantities. Their predictions for the terminal 
time Td and zero-shear viscosity are31 

Td 0: W/Da2 (26) 

170 a GNOTd a GN0@/Da2 (27) 

Here D is the curvilinear diffusion coefficient for the 
motion of the chain along its contour, GNo is the plateau 
modulus, and a is the tube diameter which has been related 
to the distance between entanglements. Doi and Edwards 
do not discuss the friction coefficient. The molecular 
weight and concentration dependences of the former 
quantities are 

D 0: $I-@/M (28) 

GNO a 4 T  (29) 

a a +-"a (30) 
Here we have changed the notation of ref 31 so that y, v, 
and CY have the same meanings as described previously. 
Doi and Edwards considered only the case where v = 0.5. 
Little information is available concerning the value of p. 
However, Doi and Edwards argue that p = 0 in semidilute 
solutions. Using these dependences in eq 28, we find 

qo 0: n/1342ua+r+B (31) 
From the range of experimental values for y and the value 



Macromolecules, Vol. 20, No. 9, 1987 Relaxation and Viscosity of Entangled Polymer Solutions 2255 

Table I 
Concentration and Molecular Weight Dependencies as  Predicted by the Coupling, Reptation, and Scaling Models 

self-diffusion 
model zero-shear viscosity, to coefficient, D, example 

couplingn 
Me a 4 - O ,  u a t o  a Giv0~*, D, 0: (R2)/T*D a M/T*D ‘10 a f*,,?@4$3’4 ( V  = 0.6), 70 a f*,,?@’4@3’7 (U = 

0.5); n, = 0.41, a = 1, y = 2.0 

D, 0: f*D-1M-2, nD = (concn dependence not 
G N o  0: $? T* 

yet calcd) 

reptationb 
D a $-BM-’, a a $-“a t o  Oi G N o r d  D, 0: a2D/M t o  Mj$3.2, t o  a M35b3 
GNo 0: $7 r d  0: W / D a 2  a W$2ua+@ D, a M-2$-2va-8 D,  0: M-2@-1.2 (v = 0.6), D, 0: M-2$-1 ( u  = 0.5) 

t o  0: M j $ 2 V O + Y + P  p = 0, a = 1, y = 2.0 

nThis work and ref 13-17. *References 31-33, 39, 40. CReferences 34-36, 41. dAssume scaling form; obtained concentration exponents 
from molecular weight exponents p and q; note, p and q can be taken from experiment or any viable model. 

viscosity. It is more widely known that scaling is more 
successful when applied to the self-diffusion coefficient D,, 
a t  least over a limited range of c o n c e n t r a t i ~ n . ~ ~ , ~ ~ , ~ ~  The 
scaling result for D, is 

D, a M-P$(FP)/(~F~) (40) 

Again the exponent for the concentration dependencies can 
be predicted given the exponent q for the molecular weight 
dependence and the exponent v. From experimental data, 
q = 2.0. Then we find from eq 40 

D, 0: M-24-3, v = 0.5 (41) 

D, c: M-24-1.75, v = 0.6 (42) 

for a good solvent. It has not been adequately explained 
why scaling appears to work for self-diffusion but fails for 
the viscosity. 

If an independent theory were available which correctly 
predicted the molecular weight dependence of D,, this 
could also be used to provide the value of q. For instance, 
the coupling model” and the reptation model both give 
q = 2 and either of these models could be used in con- 
junction with the scaling hypothesis to obtain eq 41 and 
42. However, the scaling hypothesis is separate and in- 
dependent of these models. This point is frequently 
misunderstood in the literature. Several workers have 
associated the success of scaling for self-diffusion with the 
reptation mode1.29r34-36 But the value of q = 2 can be 
provided by any model that predicts D, M-2 or it can 
be taken from experiment. Scaling is independent of 
reptation. The Doi-Edwards model by itself makes pre- 
diction for both the molecular weight and concentration 
dependencies of the self-diffusion coefficient. The ex- 
pression for the self-diffusion coefficient in the Doi-Ed- 
wards mode131 is 

for a 8 solvent and 

D, a Da2/M (43) 

D, M-24-2~o-P (44) 

D, cc M-2$-1.0 (45) 

or in terms of the dependences in eq 28-30 

For p = 0 and using the values v = 0.5 and cy = 1, we find 

and the values v = 0.6 and cy = 1 give 
D, a M-24-1.2 

This result differs from the scaling result and is in poor 

agreement with experiment. This failure of the reptation 
model has prompted the use of reptation in conjunction 
with scaling to describe the concentration dependence. 
However, since scaling and reptation predict different 
concentration dependencies, such a procedure is incon- 
sistent. It remains to be determined how the more recent 
modified versions of reptation will alter these concentration 
dependencies. 

The coupling model has been shown to be a consistent 
approach that correctly predicts both the molecular weight 
and concentration dependencies for the zero-shear viscosity 
and terminal relaxation time of monodisperse entangled 
solutions. Motions of a Rouse chain with submolecules 
on the order of the entanglement length are modified by 
coupling to entanglements. The values of the molecular 
weight and concentration exponents are related to the 
shape of the terminal relaxation spectrum, as measured 
by n, and to the concentration dependences of the plateau 
modulus, entanglement length, and entanglement molec- 
ular weight. The viscosity appears in a factorized form as 
in eq 1, and the friction coefficient ( is now identified with 
the effective entanglement friction factor f*. 

We have previously shown that the same coupling model 
correctly predicts the molecular weight and temperature 
dependences for the viscosity and self-diffusion coefficient 
of polymer melts.l4-l7 In particular, the coupling model 
is the only approach that explains the differences in ac- 
tivation energies for viscosity and self-diffusion in Ar- 
rhenius me1ts.l’ The molecular weight and temperature 
dependences of the self-diffusion coefficient from the 
coupling model are 

D, a f*D-1M1-[2/(l-nD)1 (46) 
where f*,,(Z‘) 0: fO1’(l-n~) and in general the self-diffusion 
coupling parameter nD may differ from the viscosity cou- 
pling parameter n discussed earlier. Predictions of the 
concentration dependences for the self-diffusion coefficient 
requires that a complete expression for D, be derived 
within the coupling model. This is a more involved cal- 
culation than for the viscosity, and it has not yet been 
carried out. For convenience, we summarize many of the 
predictions and results for the coupling, reptation, and 
scaling theories in Table I. 

V. Summary and Conclusions 
A model of entangled polymer solutions and melts has 

been presented which gives results for the molecular weight 
and concentration dependencies of the terminal relaxation 
time and zero-shear viscosity. The results agree well with 
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the experimentally observed behavior of real polymer 
systems, i.e., Td 0~ Mj.4@, v0 a Mj.4@ with z = 1.4-1.7 and 
y = 3.4-3.7. 

The model is based upon the coupling model for relax- 
ation in complex systems in which a single (primitive) 
relaxation mechanism is slowed down due to environ- 
mental coupling and thereafter follows a nonexponential 
decay law. Upon assuming that the primitive relaxation 
mechanism for entangled polymers is defined by the Rouse 
model, but slowed due to entanglement coupling, several 
results become apparent. First, there is a natural sepa- 
ration of the viscosity functions into a friction factor 
multiplied by the molecular weight to some power, x ,  and 
the concentration to a different power, y. The exponents 
x and y are shown to be similar but due to different to- 
pological contributions. The ikP dependence of viscosity 
in the Rouse model is naturally scaled to a iW4 power 
through the coupling parameter, n. However, the con- 
centration dependence arises from a dependence of the 
plateau modulus on changing concentration multiplied by 
the terminal relaxation time which is modified by the 
coupling parameter. 

The physics of the model suggests that for both melts 
and solutions the friction factor of interest in the terminal 
region is an entanglement friction factor rather than the 
monomeric friction factor that  is normally used. Fur- 
thermore, the behavior of entangled polymer systems is 
represented here by a Rouse-like model in which the Rouse 
Gaussian subunit is the chain between entanglement 
points. The full implications for polymer chain dynamics 
have not yet been completely explored. 
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